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ION BEAM PROBING OF ELECTROSTATIC FIELDS 

* by Hans Persson 

Lewls Research Center 

SUMMARY 

The determlnatl0n of a cyllndrlcally symmetric, time-lndependent 
electrostatlc potentlal V In a magnetic fleld B with the same sym
lIetry oy measurements of the deflectl0n of a "pri;ary" beam of ions is 
analyzed and substantlated by examples. Special attention is given to 
the requlrements on canonlcal angular momentum and total energy set by 
an arbltrary, nonmonotone V, to scallng laws obtained by normallzation, 
and to the analogy wlth 10nospherlc soundlng. The lnversion procedure 
wlth the Abel analysls of an equivalent problem wlth a one-dlmensional 
flCtltl0US potentlal lS used In a numerical experiment with application 
to tile NASA Lewls Modlfled Pennlng Dlscharge; the assumed potentlal can 
be well reconstructed by slmple means. 

Tne determlnatl0n of V from a study of "secondary" beams of ions 
wlth lncreased charge produced by hot plasma electrons lS also analyzed, 
both from a general pOlnt of Vlew and with application to the NASA Lewis 
SU~lliA experlment. Llke In the prlmary beam method there are requlrements 
on the beam energy set by the penetration of the ions through B, the 
posslblllty of repulslve potentlals, and the speclal requirements set by 
the unlqueness In the determlnatl0n of V and the computational proce
dure. Slmple formulas and geometrlcal constructions are glven for the 
mlnlmUm energy necessary to reach the aXls, the whole plasma, and any 
pOlnt In the magnetlc fleld. 

Tne common, slmpllfYlng assumptlon that V is a small perturbatl0n 
lS crltlcally and constructlvely analyzed; an lteration scheme for suc
cesslvely correctlng the orblts and pOlnts of ionization for the electro
statlc potentlal lS suggested, and elaborated In the cyllndrlcally sym
metrlc case In terms of a nonllnear, weakly singular integral equation 
coupled with an emplrlcal relatl0n, and a mapping T in V-space. Condi
tl0ns are glven for T to be contractlve, which gives a unique determi
natlon of V, and for the hrst lterate - which corresponds to the simpli
fled Solutlon - to be a good approxlmatl0n. 

It lS found that the pertlnent smallness quantity £ has the physi
cal slgnlflcance of the ratlo of electrostatlc to magnetic force in the 

* l'iASA-NRC Senlor Postdoctoral Assoclate from the Royal Instltute of 
Tecnnology, Stockholm, Sweden. Present address: Swedlsh FUS10n Offlce, 
Box l103, S-163 12 Spanga, Sweden. 
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plasma, or equivalently of E!B-veloc1ty to beam velocity, or equivalently 
of electr1c f1eld times magnet1c scale length to twice the geometr1c mean 
of beam energy and minimum necessary beam energy for penetration through 
B. The simpl1f1ed solution is asymptotically correct when £ ~ 0, and 
for £ ~ 1 and a suitable O:th 1terate the iteration converges to a 
unique liIDlt, the true potential, 

A numerical example with low beam energy with application to the 
SUMMA experiment illuminates the 1mportance of V; the simplif1ed solu
tion is found to be unsat1sfactory. 

1, INTRODUCTION 

Beams of charged part1cles can be used to deterIDlne an unknown elec
tr1c f1eld. In the first part (sec. 2-3) of the present paper, we shall 
d1scuss a "primary beam method" based upon measurements of beam deflec
tion, and in the second part (seco 4-6) we shall analyze a method based 
upon a study of the "secondary beams" of ions 1n more highly ion1zed 
states produced 1n the interact10n between the primary beam and the hot 
electrons of a plasma assumed to be the object of study. Our interest 
will ma1nly be a t1me-independent electrostat1c f1eld directed perpendicu
lar to a magnet1c f1eld B. The first method is - up to now - essentially 
liIDlted to cyl1ndrical symmetry, while the second can be used in arbitrary 
geometr1es. 

Methods and exper1ments w1th stud1es of deflection with constant 
beam energy and var1able angular momentum were reported by Stallings 
(ref. 1) and by Black and Robinson (ref. 2). A similar approach is found 
in the trac1ng of light rays (Rockett and Deboo, ref. 3). In the first 
part of the present paper we shall mainly be concerned w1th the opposite 
case, when the angular momentum is constant and the energy varied. The 
general cylindrically symmetric problem of this k1nd was treated by 
Whipple (ref. 4), the special case w1th vanishing magnet1c field by 
Dracott (ref. 5), and another spec1al case (with nonzero magnetic field 
but the electric field treated as a small perturbation) by Konstantinov 
and Tselnik (ref. 6). In the experimental invest1gat10ns and theoreti
cal calculations by Kambic (ref. 7), (that also 1nclude the secondary 
beam method, see below) the unknown potential was parametrized and the 
parameters determined, as in the work by Borodk1n (ref. 8). Swanson, 
et ale (ref. 9), arr1ved at the1r conclus10ns by compar1son with solu
tions of forward problems with deflection in potential wells. A method 
for determining the electrlc f1eld perpend1cular to B w1th a beam par
allel to B was used by Dow (ref. 10), and for dete~nat10n of the 
electr1c field parallel to B with a beam parallel to B we wish to 
refer to Johansson (ref. 11) and c1ted references, espec1ally Ehrenberg 
and Kentrschynskyj (ref. 12), 

The essential beam deflection reference to us is the laboratory re
port by Whipple (ref. 4). We shall present a derivation of some bas1c 
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relations s1milar to h1s, we shall introduce a normalization of the 
physical variables, which will allow us to obtain scaling laws and solve 
"several problems in one," and we shall substantiate the theory with dis
cussion and examples, both analytical and numerical. The primary beam 
method has similarities with the determination of intermolecular poten
tials from particle scattering data, and especially with electron density 
determ1nat10ns with rad10 waves in the ionosphere, and we shall make some 
use of this latter analogy. 

In the secondary beam method by Jobes and H1ckok one utilizes the 
change in charge to mass ratio that occurs when hot plasma electrons pro
duce a sudden change of the charge of primary ions (or mass of molecular 
primary ions). Several important plasma quantities can be measured by 
studying these "secondaries," notably the electrostatic potential (see 
for instance ref. 13 and CIted references). In a time-independent 
electric field the secondaries will, 1n an invariant way, carry informa
tion about the plasma potential at the p01nt of ionizat10n (or dissocia
tion) to a detector placed outside the plasma, without any other distor
tion than that caused by systematic "errors" and stochast1c components. 
They also carry informat10n about the location of the point of ionization. 
However, this 1nformation is 1n general distorted by the magnetic field 
and the unknown electric fIeld. 

We shall 1nvestIgate a few factors influencing the requirements on 
momentum and energy of the primary beam particles, notably those set by 
the need for penetration into and out of the magnetic field, and the 
special questions associated with very strong electric fields. It is 
customary to make the simplifying assumption that the unknown electric 
f1eld is a small perturbation, when experimental data are analyzed; thIS 
allows a determInation of the partIcle orbits - a step in the analysis -
without knowledge of the potent1al, Kambic (ref. 7), in his invest1ga
tions on the NASA Lewis ModifIed PennLng Discharge, encountered a situa
t10n when thIS simplifIed approach could not be used. We shall analyze 
the condit10ns for validIty and uniqueness of the simplified approach 
and a procedure for 1mprovIng 1t, and establish basic criter1a herefor. 
The aim w1ll be towards general1ty, but specialization to cylindrical sym
metry and the conditIons In another NASA Lewis experiment - the SUMMA 
exper1ment - WIll be essential for the analysis. However, it 1S believed 
that methods as well as criterIa can readily be extended to general 
s1tuations. 

In section 2 the theory for the primary beam method for probing an 
aX1symmetric fIeld is dIsplayed, and section 3 contaIns a SImple analyti
cal example and a numer1cal experiment, the reconstruction of an assumed 
potential, with applIcation to the above mentioned Modified Penning Dis
charge. In section 4 the secondary beam method is br1efly described, the 
momentum (and energy) requirement set by a cylindrical magnetic field is 
analyzed, and the pOSSIble importance of two different smallness quanti
t1es for the electric fIeld 1S tentatively d1scussed. Sect10n 5 consists 
of an analysis of a suggested iteration scheme, applicable to arbitrary 
potentials, with no need for parametric representation. The pertinent 
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smallness quant~ty is found as well as the cond~tion for the electr~c 
f~eld to be a perturbation and for the iteration to converge. Sect~on 6 
is a numerical illustration of the ~mportance of the electric field. 

2. THEORY FOR A PRIMARY BEAM METHOD 

A. Formulation 

Consider a cylindrically symmetric, time-~ndependent magnetic field 
B, whose strength may vary with the distance r from the axis of sym
metry; B = B(r). See figure 1, in which B is directed outwards from 
the paper, at least on and near the axis. An ion orbit has been drawn in 
the figure. W~th such a f~eld, the magnetic vector potential A has only 
one component, A$' which is pos~tive. The gun ~s located at the point 
(rl'~l) and the detector at (r2'~2)' The angle ~2 can be varied. The 
electric f~eld is assumed to be der~vable from a cylindr~cally symmetric, 
conservative potent~al V(r), which ~s supposed to be known between rl 
and r2' (Usually, we shall consider the case that it ~s a constant 
that may be put equal to zero.) We wish to deter~ne the function V(r) 
from measurements of ~2 - ~l' the change in polar angle, for ions with 
mass m and charge q injected with various energ~es in various direc
tions. 

The velocity components are denoted by vr and v~, and ~ is the 
net magnetic flux enclosed inside a circle with radius r and center on 
the axis. Then the following two expressions hold for the total energy 
Wo and the canonical angular momentum Lo - the two constants of motion: 

W 
o 

121 2 
'2 mv ~ + '2 mv r + qV 

L = mrv + qrA 
o ~ ~ 

+ q~ 
mrv~ 2')1" 

(1) 

(2) 

where we have used the relation 2~rA~ = ~, wh~ch follows from Stokes' 
theorem. With the magnetic f~eld direction given ~n figure 1, the flux 
~ ~s certainly pos~t~ve. From equation (2) v~ is solved and inserted 
~nto equat~on (1), which gives 

where 

~s a function of r 

1 2 
- mv + ~(r;L ) = W 
2 roo 

'¥ = 

contain~ng L 
o 

as a parameter. 

(3) 

It has been shown 
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in the literature (see for instance ref. 14) that the radial motion de
scr1bed by equat10n (3) can be interpreted as a fictitious one-dimensional 
~Qtion of the part1cle (with total energy Wo) 1n the f1ctitious or effec
tive one-dimensional potent1al ~. In add1tion to the potential energy 
associated with the electrostatic f1eld, ~ conta1ns a term account1ng for 
the aZ1muthal mot10n, 

~ ~2 (L - q4»2 =- 1. mv2 
m 2mr 0 2~ 2 ¢ 

The addit10nal term 1S given by the k1net1c energy associated w1th the 
aZ1muthai mot10n, and it conslsts of coupled contI1butions from the cen
tr1fugal and magnetlc forces. 

The two quantit1es Wo and 10 can be varled lndependently by 
arranging the varlation of the energy and the diIect10n of the beam. But 
there 1S only one unknown function VCr) to be determined. By formaliz
lng the dlScusslons by Dracott and Whipple (refso 4 and 5), we shall use 
th1s redundance 1n such a way that the effectlve potentlal ~ governing 
the rad1al motion will be monoton1c, d~/dr < 0, even if the electric 
f1eld is not, and even if the magnetic field is allowed to change its 
d1rection 1n the pertinent region of space. This is achieved by choosing 
10 sufflclently largeo The redundance may also be used to obtain sys
tematlc procedures and direct local measurements of the electric fleld. 

We shall prove that for arbitrarlly glven 4>(r) and VCr) lt lS al
ways posslble to flnd an 10 such that d~/dr < 0 for all r between 
o (excluslve) and II and r2" In practlce, there is an infinlte number 
of such 10 • Even if, in principle, any of them can be used for determin
ing an unknown VCr) wlth an upwards bounded deIlvative, it may be more 
practlcal to use potentials that are nonmonotonic in regions where V is 
already known (compare sec, 3D). 

VCr) can be solved from an lntegral equation of Abel type. The flux 
4>(r) lS assumed to be known, as well as the total change 1n polar angle, 
as a function of the total energy Wo. for part1cles wlth a constant Lo 
among those values g1v1ng a monotonlC f1ctitious potent1al ~. Part of 
the Abel 1nverS10n procedure can be made analytlcally, and essentially 
only quadratures and the Solutlon of an impllclt relation are needed. 

B. Normallzatlon 

In splte of the fact that the immedlate lntultive meaning of the 
varlOus symbols gets lost, lt proves to be practlcal to normalize all 
quant1t1es. The analytlcal work becomes more clear, and only the varl
abIes and parameters pertlnent to the Solutlon enter into the calcula
tl0ns. Every Solutl0n of a problem in normalized variables corresponds 
to a w1de varlety of Solutl0ns in the orlg1nal variables, and scaling 
laws can be found. 
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A convenient basis for the normalization ~s the magnetic flux en
closed ~nside some radius rno The quantit~es r',~', L', v', W, are 
introduced as 

Putting 

r' = r 
n 

~' = Hr') 

q ~1 L' = 
2'11" 

v' L' 
mr' 

W' 1 ,2 
'2 mv 

r/r' :. S 

L IL' Y-o 0 

v lv' 
<I> u<j> 

V lv' u r r 

~/CP' = T 

qV/W' = v 

W Iw' w o 0 

'¥/W' = w 
we obta~n the follow~ng expressions for the constants of motion and the 
fictit~ous potential: 

W 

Wm 

w 
o 

Q 
0 

2 + u 2 + v u<I> r 

= su 
<P + " 

1 
(£ 2 = 2 - 1) + v 

0 s 

~ (Q _ .. q2 2 
s2 0 

u<j> 

(4) 
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Here, ~ is the part of ~ owing to the azimuthal motion. 
m 

at r n , the If the electrostat1c potent1al is set equal to zero 
point of normalization, one gets for r = rn: s = 1; u$ 
1 = 1; v = 0; ~ = (to - 1)2. Clearly, uo¢ = 10 - 1; and 
sponds to a purely radial 1njection. 

= uo¢; ur = uor; 
to = 1 corre-

A natural choice of rn 1S the gun 10cat1on rl (or the detector 
location r2). However, if the gun is located outside the magnetic 
f1eld, this 1S not possible S1nce ~, would then be zero, and if ~(rl) 
is very small (in a certain sense) normalization to rl is impractical. 
If the magnetic field changes its direction only once, the corresponding 
point may be chosen for the normalization. At that point, ~ then has 
its maximum value. 

In any case, the 10cat10n of the gun will correspond to rl/rn a, 
and that of the detector to rZ/rn = ~; max(a,~) = y. 

C. Monoton1C F1ct1t1ous Potential 

D1fferent1ating (4), one obtains 

~ = _ ~ (t _ T)~! (t _ T) + dT~ + dv 
ds 2 0 sods ds 

s 

Inspection of 
momentum to 

this expression reveals that for given 1 and v the 
can be chosen so large that both parentheses in the first 

d~ 
term are positive. In fact, 11m dsm = -00, uniformly in s. Thus, the 

to~ 
first term can always be made suff1ciently negat1ve to dominate over the 
second term, which may be pos1tive, so that d$/ds becomes negative for 
all s considered. 

For a formal proof, let us put 

Sup T = kl 

Sup ~ , (- ~: ~ = k2 

ttv Sup - = k ds 3 

when s varies 1n the interval (O,Y) and let us consider to-values at 
least fulfilling the condit10n 

(5) 
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Then, 

Slnce the first term ln the right-hand member of the second inequality 
tends to inflnity with £0' the latter quantity can be chosen so large 
that the same member becomes positive, which lmplies that 

For the consldered 

d1/l < 0 
ds for all sdO,y) 

£o-values (fulfilling (5) above) 

Ik2 k~ k3Y
] 

£0 > k1 + YLT + 4 + -2-

this occurs when 

(6) 

Condltl0ns (5) and (6) contain the maximum magnetic flux, ltS maxi
mum rate of decrease with s, and the maXlmum inwards directed electric 
fleld. By uSlng the most strlngent of these two condltions, a suffi
clent1y large value of £0 can be deter~ned. 

D. Determinatlon of Electrostatic Potential 

The rate of change of the azimuthal angle with respect to radius is 

d<l> v <I> d<l> _ u<I> 
glven by dr = rv ' 1n normalized var1ables by ds - su. The total angu-

r r 

lar change 6<1> 1S obtained by integrating from a to the turning-point 
St and then from St to 8. To be s~ecific, we assume a = S = 1; if 
a and 8 have other values, the corresponding contr1butions to 6<1> will 
be completely known if v 1S known between 1 and y. 

US1ng the symmetry between the inwards and outwards directed motion 
and lnserting u<jJ = (£0 - T)/S; ur = Iwo - 1/1 (for mot10n outwards), we 
obta1n 

(7) 

where St is def1ned through Wo - WeSt) = 0, which is unique for mono
ton1C W. Let us denote 6<1>/2 by f(wo)' and 1n the integral we regard 
s as a function of 1/1 instead of the reverse. (This 1S possible due to 
the monotone relation.) We then get 
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( J/, - T) (-S I ) d 1/1 
o few ) 

o 
(8) 

Suppose that f(w), half the change in polar angle, is known for all 
values of the tot~l energy 1n an interval extending from (to - 1)2 up to 
some maximum value wmax ' The canonical angular momentum is supposed to 
be constant for all these Wo and chosen to furnish a monotonic 1/1. 
Then, since T does not contain wo ' equation (8) is an Abel integral 
equat10n with the solution 

l' t - T ds 1 d few )dw 
0 o 0 

2 dI/J = - -; dI/J ItjJ s -w 
(t _1)2 0 

0 

We then integrate s from s to 1, whereby tjJ varies from tjJ to 
(to - 1)2. One obtains 

few )dw o 0 

-w 
o 

(9) 

which is a remarkably simple and stra1ghtforward solution. It defines s 
as a unique and monotonic function of tjJ, the latter quantity varying 
from (to - 1)2 to wmax ' Indeed, denoting the left-hand member of equa
t10n (9) by F(s) and the right-hand member by G(I/I) , the derivative 

a: [F(s) - G(tjJ)] 
Q, - T 
o 

2 
s 

becomes nonzero (negative) in virtue of the assumption on to' Thus, 
s = s (tjJ) is un1que. But the relation between s and tjJ has already 
been shown to be one-one. Hence, tjJ = tjJ(s) , and G(I/I) must be a monotonic 
function of 1/1. Considering 1/1(1) = (to - 1)2, 1/1(0) = ~ and F(O) = 00, 
(to I 0), F and G must have the general appearance shown in figure 2. 

Equat10n (9) takes on the form 

F(s) (10) 

and corresponding values of sand tjJ can be obtained graphically by 
drawing hor1zontal lines and note the s and tjJ values at the intersec
tions with the curves, as ind1cated in figure 2. Then, v is obtained as 
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v W - W 
m 

In summary, to obta1n the electrostat1c potent1al v, the function 
F(s) is calculated as an 1ntegral of a known function 1nvolving the mag
netic flux and the canon1cal angular momentum, which must be large 
enough, as a parameter. The 1ntegral is then put equal to G(W), that 
may be called the Abel transform of the funct10n representing half the 
change 1n polar angle versus total energy (with constant canonical angu
lar momentum). This g1ves In implic1t form the fict1tious potential as 
a funct10n of rad1us. After subtracting the part corresponding to the 
azimuthal motion, only the electrostatic potential remains. 

3. Examples 

For a given shape ~(s) of the magnet1c field, the part Wm (s;£o) 
of the flctltl0US potentIal IS unlquely defined as a function of s 
by the value of the s1ngle parameter £0' The In1tial value of the 
azimuthal veloc1ty of the partIcles, and the pertlnent energy 1nterval 
necessary for an 1nverS10n can be obtaIned in a simple way from the mag
netic field strength, the appropriate l1near dimension and the mass and 
charge of the particles by denormalizatiofl, using the formulas of the 
preced1ng sect10n. 

We shall Illustrate the theory by analyz1ng two examples 1n nor
ma11zed var1ables; the first IS sufficiently simple to perm1t analytical 
methods to be used, while the second, referring to a particular labora
tory exper1ment, requ1res a numerical treatment. 

Among the propertIes of Wm, the following three are generally 
val1d: 

(1) Wm _ 0, with equalIty exactly when t o 

(11) ~ :F 0 implies that w -+ 00 when s -+ 0 
o m 

(i11) for orbIts through the aX1s, ~o = O. For most physically inter
estIng magnet1c f1elds (WIth ,(s) = o(s) when s + 0; typically, 
T(S) = 0(s2», we then have wm(O) = 0 when Qo = 0, in contrast to the 
property (i1) above. ThIS 1b ~aused by the singularity for r = 0 of the 
transformat10n between CarteSIan and polar coordinates; one either pre
scr1bes that a negat1ve value of s corresponds to add1ng 'IT to the 
polar angle, or the wm-axls 1S s1mply regarded as a part of the Wm-curve. 

A. Homogeneous Magnetic F1eld WIth No Electric Field 

For a homogeneous magnetIC held we have T = s2 and ,I, [en / \ ] 2 '+'m = NO S, - S • 
By analyzing the function 
derived for 1njection at 

~m the following addItional properties may be 
s = 1 into a homogeneous B: 
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(iv) to ~ 1 ~mplies dWm/ds < 0; the fictitious potential is mono
tonically decreas~ng; at all points of the orbit the magnetic field and 
centrifugal force accelerate the particle away from the axis. 

(v) to 1 means that the particle is injected exactly radially, 
and Wm has a ~n~mum (=0) at s = 1, the point of injection. 

(vi) for -1 < to < +1 the particle ~s initially accelerated by B 
towards the axis. 

(V~1) for 0 < ~o < +1, the posit1ve half of the interval in (vi), 
1jJm has a minimum 1jJmin = 0 at s = 1£;. 

(viii) for -1 < to < 0, the negative half of the interval in (vi), Wm 
has a nonzero ~n1mum Wmin = 4 ' I to I at s = ~. 

(ix) for ~o = -1 the centrifugal and magnet1c forces exactly 
cancel init1ally; Wm has a minimum at s = 1; if the particles have no 
radial energy in1t1ally, they w1ll simply perform a gyrational motion in 
a circle with rad1us 1 and center at the origin. 

(x) ~o < -1 implies that Wm is monoton1cally decreasing. 

Representative examples of the var10US curves possible are shown in 
f1gure 3. Suppose, for illustration, that a part1cle has ~o = -0.4 and 
Wo = 3. The pertinent wm-curve 18 then f in figure 3. The 1n1tial 
kinet~c energy of the azimuthal motion is then given by the distance 
np = 1.96 in the f1gure; (with the present normalization, this is given 
by (to - 1)2]. The distance mn, which is 1.04, thus represents the ini
tial kinetic energy of the rad1al motion. If the particle is initially 
moving 1nwards, it will proceed as far as the point t with s ~ 0.280, 
the intersection between the curve f and the stra1ght line Wm = w

O
' 

and then be reflected back out. The radial velocity is simply 
ur = ±/wo - Wm = ±/3 - Wm' and the azimuthal velocity is u~ = toLls 

= (-0.4 - T)/s. If Wo is smaller than the distance np, the particle 
cannot exist at s = 1 and have the potential f. Clearly, in the 
present case the potential 1S initially attractive, while for instance 
curve h corresponds to a repulsive potential. 

For other shapes of B than homogeneous, other types of fictitious 
potential curves may appear, espec1ally when B changes its direction. 

The validity of the invers10n equation (9) can easily be checked 
analytically 1n the present case. 

The left-hand member becomes 

ds 
~ 

s - (~ + 1) + ~ o s 



12 

To calculate the right-hand member, the function f(wo) is first 
determined from geometrical considerations (see fig. 4). The normalized 
gyro radius is found to be uo/2, where uo is the normalized initial 
velocity. By successively using the cosine and sine theorems, one ob
tains 

sin 

By utilizing 

Thus, 

u 0 
u 2 cos Kl 0 1I4J = 2d cos K = 2 2 

to - 1; 

few ) o 

u 
1 +~+ u sin 4 0 

2 
u = w or 0 

- (S/, 
o 

w 
o 

2 [,4J 
cos ""2 = w 

a 
+ 4t 

o 

t + 1 o arccos ---------
v'w + 4t 

o 0 

Kl 

2 
uo ' one obtains 

This function is plotted for the special choice of to = 2 (curve b in 
fig. 3), which gives a monoton1C potential, in figure 5; the total energy 
Wo varies between its min1mum poss1ble value (to - 1)2 = 1 and 10. In 
this case, f(wo) 1S monotonic, varying from a to 0.78. 

Inserting the above expreSS10n for f(wo) and performing a partial 
1ntegration, one obtains 

G(1jJ) = 

The substitution 

w 
a 

11/1 - w dw o 0 

often used 1n connection w1th Abel 1ntegra1s, transforms the 1ntegral to 



where 
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/lji + 49-

t + 1 o 

o 

The ~ntegral is calculated, us~ng integral tables or the calculus of 
residues, and ~ts value is found to be ~/2(S + 1). After some algebraic 
manipulations, one obtains 

F(W) = 11jJ + 4£ - (9- + 1) o 0 

The equation G(s) F(lji) then gives 

which is exactly the form of 1jJ = 1jJm for the assumed, homogeneous mag
net~c field. Thus, the correct result ~s obtained in this case. 

B. The NASA Lewls Mod~fied Penn~ng D~scharge 

The theory exposed ~n section 2 w~ll now be applied to a practical 
case, the NASA Lewis Mod~f~ed Penn1ng Discharge, in order to illustrate 
the procedure and test the accuracy obtainable ~n the numerical work. To 
simulate some of the numerical and experimental errors, the procedure has 
been made deliberately coarse. The actual magnetic field and ion species, 
and an assumed, physically relevant, nonmonotonic electrostatic potential 
are used ~n the calculations. 

First, a sufficiently large canonical momentum is chosen, that gives 
a monotonic fictitious potential. Then the funct~on f(wo ) representing 
half the change ~n polar angle 1S calculated. The inversion procedure 
g~v~ng lji(s) ~s performed, and the contribution 1jJm is subtracted. The 
difference v ~ - ~m 1S then compared w~th the assumed function, and ~t 
is found that a very good agreement can be obtained by s~mple means. 

The discharge is a Penn~ng discharge ~n a magnetic mirror f1eld 
(ref. 15). The anode cons~sts of two closely spaced rings, arranged in 
a symmetric way parallel to the midplane of the magnetic field. Thus, 
in the midplane between the rings the magnetic field is locally cylindri
cally symmetric. The anode radius is 7.6 centimeters, and at r = 13.5 
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cent~rneters there ~s a grounded mesh screen deflnlng the potentlal zero 
all the way out to the grounded vacuum vessel. A thalllum 10n gun 
(ref. 7) lS located 86 centlmeters from the aX1S. ThlS pOlnt w~ll be 
the malnpolnt of normallzatlon In the followlng calculatl0ns. 

Normallzed to the gun 10catl0n, the functl~n 
ure 6. There lS a change ~n the d~rectlon of B 
maXlmum of 1 at r = 28 centlrneters (s = 0.33), 
slgn~flcant net flux at the gun locatlon. 

1(S) lS shown ~n flg
wlth a correspondlng 
but there lS stlll a 

He assume Tl-ions wlth mass number 205, and B = 0.47 Vs/m2 on the 
aXls, close to the value used as the tYPlcal magnetlc f~eld by Karnblc 
(ref. 7) In hlS measurements mentl0ned In sectl0n 1. The normallzat~on 
then Ylelds the followlng values for the unlts of length, magnet~c flux, 
angular momentum, veloclty, and energy; 

r' = 0.86 m; 
-2 

2.l7xlO V sec; L' = 5.53xlO-22 VA sec2 , 

v' = 1.58xl03 m/sec; w' = 4.97xlO-19 Nm 

For the potentlal V we shall adopt a varlat~on suggested by Roth 
(ref. 16); ltS general character agrees wlth the potentlal found experl
mentally by Kamb~c (ref. 7). The potentlal lS assumed to lncrease para
bollcally from zero at r = 0 up to 10 kV at the anode locatlon, and 
fall llnearly to zero at and beyond the mesh. The fully drawn curve In 
flgure 7 shows thlS varlatl0n, In normallzed varlables. 

To detennne a sufhclent but not too hlgh value of 1-0 to glve an 
everywhere monotonlC potentlal, the follow~ng procedure was followed: 
All quantltles were flrst temporar~ly normallzed to r = 13.5 centlmeters, 
the lnnermost pOlnt at whlch the electrlc fleld vanlshes ldentlcally. 
The values of the suprema kl through k3 (sec. 2C) \.;ere determlned, 
and a sufflclent value of twas obtalned, uSlng the lnequalltles o 
(5) and (6). ThlS value was then adjusted downwards by trlal and 
error, and renormallzatl0n to r = 86 centlmeters was ca~~led out'

2 It was found that .Q, = 5, corresponding to L = 2. 7fY< 10 VA sec , 
was sufficlent, whergas .Q, = 3 does not glve

O
a monotonlC ~. The 

o 
two curves are shown In flgure 8. 

Adoptlng the value ~a = 5, the funct~on f(wa ) 
ffi1ned by graphlcal calculatl0n of the lntegral 

~y/2 was deter-

for a llmlted number (17) of values of the total energy woo For each 
value of wO' the lntegrable slngularlty assoclated wlth the square root 
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in the denominator was controlled by integrating analytically from St 
to a su~tably chosen, sl~ghtly higher value of s. On this interval, 
the rest of the integrand ~s approximately constant. 

Figure 9 shows f(wo)' We see that f increases rapidly from 0 at 
(io 1)2 16 up to an essentially constant value of about 1.3. For 
Wo > 620 the energy ~s suff~clent to allow the particles to enter the 
reg~on of electric field, and f decreases to a minimum of 0.7. When 
the peak electrostatic potential lS passed, the partlcles are turning in 
the regl0n of lnwards directed electric field. In the outer part of that 
region ~ has locally a very small modulus of its derivative due to the 
critical cholce of i Q, and f jumps in a dlscontlnuous fashl0n from 0.9 
to a high value, f z l.25, which takes place for Wo = 5740. This is in
deed typical for partlcles turning at points where dI/J/ds is close to 
zero, and this lS suggested (see sec. 3D) to be actively used as a diag
nostlC method. For still larger wO ' f(wo) decreases to a minimum and 
then tends to its asymptotic value TI/2. The particles have a given, 
finite azimuthal energy, and ln the limit of very high Wo the radial 
energy becomes very hlgh, and the particles move - essentially uninflu
enced by the fields - along curves tending to straight lines through the 
orlgin. Th~s glves (~¢/2) = TI/2. 

To perform the lnversion procedure (see eq. (9» the functlon 
(io - 1)/s2 lS calculated and graphically integrated from a variable 
lower llm1t to the upper llm1t £. This gives the function F(s), the 
left-hand member of equation (9). To calculate the right-hand member 
G(~) from the earlier obtained f(wo) , the integration was adapted to a 
standard Abel lnversion program used in spectroscopy, see Lochte
Holtgreven (ref. 17) and cited references. Puttlng Wo = wmax _ y2; 
~ = wmax - r2; G(~) takes on the form 

1 

r 

" 'w -U _1)2 'V max a 

(-2yf) 

Whlch agrees with the formula 1n reference 17, if 

R ~Wmax 2 
(Q - 1) ; 

o 

dy 

Thus, an integration of f(wo) was needed, and it was performed 
graphically. For frequent use it should be simpler to construct a special 
program for calculating G(~). 
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F(s) was monotonic, but there turned out to appear some deviat1.ons 
from monotonicity in G. However, monotonic curves could be drawn 
fitting the points reasonably well. The equation F(s) = G(W) was then 
solved graphIcally, and Wm was subtracted. Four Abel inversions were 
made altogether, corresponding to different values of the maximum beam 
energy wmaxc The pOInts obtained for the potential v(s) are plotted 
1.n figure 7; the fully drawn curve IS the assumed potentIal. Clearly, 
it is possible to reconstruct numerically, with good accuracy, a poten
tial of characteristic shape of relevance to the Modified Penning Dis
charge, The moderately good agreement around s = 0 0 15 IS probably due 
to the low number of pOInts chosen initially 1.n th1s region. 

Under laboratory conditions It is usually the energy w and d1.rec
tion K of the beam that are varIed. It should be noted, tgat a varia
tIon of Wo with constant £0 leads to a simultaneous var1ation of w

Q 
and ~, according to a definIte law, With normalizat1.on to the gun POS1.
t1.on, we have uo~ = £0 - 1 = ~ SIn K I , where <1 1S the angle (with 
SIgn) between the gun line of SIght and the radIUS, see figure 1. Thus, 
the angle should be varIed as 

X 1 
1(1 arcsin 

o 

Iw 
o 

With £0 = 5, the value Wo = 620 was shown to allow the particles 
to reach the outermost part of the electric field region, and for Wo 
greater than 5740 the region immedIately inside the electrostatic poten
t1al maXImum was acceSSIble. These values of Wo correspond to 
Kl = 9.3 and 3.0 degrees, respectively. 

Even if the data In the numerical experIment above were treated in a 
rough way, £0 had the exact value 5.0 throughout the calcu1at1.ons. In 
practIce, however, there WIll always be a spread In Xo 1.f the beam is 
Incompletely or Incorrectly focused Even 1£ all part1c1es move in par
allel orbIts when leav1ng the gun, there will be a spread 1n the angle of 
1.njection, due to the fInite thickness of the beam. This spread is esti
mated to 6/r1, where 6 IS the beam th1ckness, Wlth 6 = 3 mlllImeters, 
rl = 86 centImeters, thIS becomes approximately 0,2 degrees, wh1.ch is 
about 3 percent of the interesting Interval of 6 to 7 degrees. The spread 
can be reduced If the beam Injected IS convergent, with ItS nominal focus 
close to the axis of the configuration. 

To investIgate the Influence of varying ~o' the function f(wo ) was 
calculated not only for 90 ~ 5.0 (fIg. 9) but also for £0 = 5.1, corre
spondIng to a 2 percent varIatlon c Apart from the very jump at the point 
where Id~/dsl IS small and a varIation with ~o IS expected, the two 
curves are almost exactly identical. 
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C. Estlmate of Necessary Ion Energy 

A characteristic of importance for the design and cost of an ion 
beam system lS the maximum ion energy Wo with which the system is to 
operate. This will be briefly discussed below for the primary beam 
method, with special reference to the Modified Penning Discharge. A 
corresponding discussion for the secondary beam method, wlth application 
to another laboratory experiment - the SUMMA experiment - is found in 
sections 4B-C. 

(1) First of all, the momentum of the particles must be sufficient 
so that they can reach the whole region of interest. The function " 
suitable values of !/'O and the "region of interest" define a minimum 
necessary value of the normalized energy Wo as the maximum of 
~m = (!/,o- L)2/s2, and for given T and region of interest this value is 
the same for all partlcles, lrrespective of mass and charge. Details are 
found in section 4B. 

For glven charge q, the unit P~ech for the mechanical part mv' 
of the llnear momentum lS given solely by the units for length and mag
netlc flux as 

p' = q4l' 
mech 21Tr' 

and the unit for energy by W' = 1/2m (P~ech)2, which also contains the 
mass m. 

A necessary value of Wo is then obtained by multiplying W' by 
the value of Wo found above. Clearly, as heavy particles as possible 
should be used lf the energy lS to be kept low. However, an upper limit 
of the mass is set by the maximum mass number that can be used. (Since 
the system is supposed to analyze the electromagnetic field in a plasma 
we do not expect it to be possible to use charged droplets or other "super
particles"; such entitles are expected to interact with the plasma.) 

In the Modlfied Penning Dlscharge we may obtain a rough estimate by 
choosing !/'O = 0, corresponding to an orbit through the axis. This gives 
wm = (./s)2, which has a maximum value of about~50 (for s = 0.17). With 
W' = 4.97xlO-19 Nm , thlS glves the condition Wo 155 eV, which is a 
very llberal requirement lndeed. 

(li) If there lS a repulslve potential in a region, the beam energy 
must be sufflcient to allow the particles to reach that region. This de
flnes an additlonal requirement on Wo ' ln the present case Wo > 10 keV. 

(iii) If there is a region of inwards directed electric field (and 
the ions are positively charged) an especially high value of !/'O is re
qUlred to give a monotonic fictitious potential, which is essential for 
the method to work. This puts a requirement on the kinetic energy of the 
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Espec1ally if the potential energy is high there, 
may need to be quite h1gh, as can be seen from the 
analysls. 

The ratio between magnet1c and centrifugal force is 

qvB r 

mv2/r p 

where p = mv/qB is the formal gyro rad1us. In applicat10ns we expect 
this ratio to be smaller than unity - but perhaps not very much smaller. 
Th1S justifies us to temporarily neglect the magnetic force against the 
centrifugal force, at least on a local scale. A monotonic fictitious 
potential at a certain radius then means that there are part1cles such 
that the centrifugal force is strong enough to prevent the electric field 
from pulling the particles closer to the axis, 1.e., we must at least 
have 

Mult1p11cation by r/2 g1ves 

2 
mv 
-= qE 

r 

2 mv qEr 
-2- = -2-

If the potential at this point is Vo ' we must have 

W 
o ( V + Er) q 0 2 

where E 1S d1rected 1nwards. Clearly, the effect becomes especially 
1mportant 1f we have, at a large radius, both a high potential and a 
strong inwards electr1c field. In the present case, with Vo = 104 ; 
V = ar2; E = 2ar; Er = 2V, we obtain 

It was found 1n section 3B that Wo = 5700 was enough to probe the 
reg10n immediately 1nside the potential maximum, where V, E, and r 
are all large. This corresponds to an energy of 17.8 keV, which is a 
l1ttle lower than the f1gure above, the d1fference being due to the in
fluence of the magnetic field which was neglected above. 

With to = 5, sufficient energ1es to probe the region well inside 
the p01nt of maX1mum electrostat1c potential, s = 0.088, can be obtained 
from the corresponding fictitious potent1al curve in figure 8. However, 
these energ1es are unnecessar1ly high (compare sec. 3D). 
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It should be observed that even if the magnetic field did not give 
r~se to any spec~al requirements on the beam energy in the present case, 
this is not true in general. Especially if the magnetic field is strong 
and its influence extends. over a region much larger than that of the 
electric field, the requirement (i) above becomes essential (compare 
the example (SUMMA) ~n sec. 4C). 

(iv) Additional requirements may arise from considerations concern
~ng ion optics, notably focusing, and scattering, but this is not dis
cussed here. 

• 

D. Comments 

It should be po~nted out that a lower beam energy is sufficient if 
one uses several values of to ~n succession. For instance, the ficti
tious potential curve corresponding to to = 3 is monotonic for suffi
c~ently small s, and particles may have turning-points inside s = 0.052, 
where the value of ~ is equal to the local maximum at 0.088. If the 
potential has been deter~ned from s = 1 inwards as far as s = 0.052, 
(e.g., using to = 5) one can then switch to to = 3, and the integral 
for f(wo) = ~~/2 can be written as 

few ) 
o 

t o 3 

The second term on the right can be calculated since v is already known 
on that interval of integrat~on, and the same term is simply subtracted 
from f(wo): Then the same lnversion scheme is used fOT the first term. 

By this change of t one needs a lower energy for the probing; for 
small s the funct~on w~s; 3) is half the function ~(s; 5) or less. 
(Often ~ ~s approximately proportional to t~.) It should be possible 
to develop this method of varying both Wo and to to a systematic pro
cedure. It is perhaps possible to use it in an infinitesimal way; if v 
has been determined in to a certain value of s, we may then proceed in
wards, using 

df !L dw + ~ dt aw 0 at 0 
o 0 

Here, dwo and dto would be controlled at the gun and df measured. 
One d~ff~culty worth mention~ng is that in spite of the occurrence of 
St = St(wo,to) in the lower limit of integration in equation (7), the 
derivatives above do not contain any local contribut~ons from St, since 
there w~ll be a factor I~ - wo ' which becomes 0 at St' in the numerator 
and thus the differential expression above does not contain the local 
electric field. 



20 

Clearly, one needs to know when W ceases to be monotonic; thls can 
be done by observing sudden jumps or peaks ln f for certain (wo,to)' 
as in figure 9 (W' was not exactly zero in that case, only nearly). It 
is easy to show that if W'(St) = 0, f becomes infinlte. Indeed, Taylor's 
theorem gives 

in a neighborhood of St. USlng ~(St) = Wo and assUm1ng ~'(St) 0 
we obtain 

w - 1/1 o 

Insertlon lnto (7) gives 

M = few ) = Ja _£o_--=--' 
2 0 2 

s 

St 

. ~- 2 _ds +11 
s - St ~"(O 

Clearly, the first lntegral lS at least logarithmlcally infinite, due to 
the factor (s - St) in the denominator. This behavior of f lS analogous 
to the slngularity of the "equlvalent height of reflection" of a radlo 
wave reflected at an electron density maximum in an ionospheric layer 
(ref. 18). Like 1n the 10nospheric case we expect that the slngularity 
ln practice becomes a pronounced peak. 

4. SECONDARY BEAM METHOD 

A. Descrlptl0n of Method 

In the secondary beam method by Hickok and Jobes, see for instance 
reference 13, a beam of "primary" ions is sent through a plasma. Due to 
colllslons wlth the hot plasma electrons, 10ns ln hlgher ionized states -
"secondary" ions - are produced along the prlmary beam path through the 
plasma. 

Due to the small mass of the 10nlzing electron, there lS negllglbly 
small change of the mechan1cal momentum of the ion in the collisl0n. 
Therefore, its veloclty is continuous at the point of 10nization. Thus, 
the orb1t of the secondary particle is tangent to the primary beam path. 
Furthermore, since the charge 1S changed by a speciflc ratio, usually 2:1, 
the electromagnet1c force and the lnverse of the radius of curvature at 
the 10nlzation pOlnt will be changed by the same ratio. 

The change of charge or, more generally, charge to mass ratio 
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(ref. 19) also produces a change in total energy and canonical momentum 
of the particle. Due to the continuity of v, these changes are given by 

lIW lIq· V(r.) o l. 

lip = lIq • A(r.) 
l. 

where p l.S the ll.near canonical momentum, ri is the point of ioniza
tion, and II denotes the dl.fference between the values after and before 
the ionization. 

By systematl.cally studYl.ng the secondary particles thus generated, 
1.t is possl.ble to draw certal.n conclusions about the local conditions at 
the various points of ionization. 

B. Cyll.ndrically Symmetric Case 

In a cy11ndrl.cally symmetric s1tuation the change in canonical angu
lar momentum and total energy produced by the ionization are given by 

lIL 
o 

lIW 
o 

lIq . 
41 (r . ) 

1 

~ 

= lIq • V(r.) 
1. 

We notice that the effect of the ionization 1S to change the values of 
the two constants of motion, quantities that characterize the motion 
essentially completely. This need not be true in the general case, how
ever. 

We shall exclusively deal with transition from singly to doubly 
charged posit1ve particles, lIq = 2e - e = e, and in the process of nor
malization we shall refer to the singly charged species, q = e. Index I 
will be used for pr1mar1es and II for secondaries. Whenever suitable, 
these 1nd1ces will be dropped for simplif1cation. 

In additl.on to the preVlously der1ved formulas 

£01 - ,(s) 

s 

1/J
I 

= 1jJ + v mI 
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for the prlmaries, we now also have 

u~II 

for the secondarles. Here, koll and 

2 
u~II 

are given by 

(11) 

(12) 

(13) 

The same L' and W' have been used 1n the normalization. The formula 
d~/ds = u~/rur has the same form for primaries and secondaries. 

In the cyllndrlcally symmet ric case the secondary beam method allows 
an lmmediate, unlque determinat10n of the potential v(s), at least in 
pr~nc~ple. The potent~a1 ~s g~ven by the change in total energy accord-
lng to equation (13) above, and the location by the change in to (eq. (12». 
The primary momentum RoIlS known from the initlal value of the azimuthal 
velocity and the magnetic flux enclosed inside the gun location. If the 
detector is capable of measur1ng not only the total energy of the second
ar1es but also the azimuthal component of the velocity, the flux L(si) 
can be obtained by combin1ng equations (11) and (12) above and putting 
s = S, corresponding to the location of the detector. One then obtains 

or 

where ~oI has been expressed in initial values of flux and azimuthal 
veloclty. If, in particular, the magnet1c field has a unique dlrection 
lnslde the plasma, Sl can be determined from knowledge of L(si). Even 
1f 1t has not, it seems that 1t should be possible to use the knowledge 
of the beam deflectl0n to d1stingulsh between two - or a few - values of 
si having the same T. 
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It should be pointed out that in practice u~II can only be meas
ured with limited accuracy. Especially if the plasma is very small com
pared to the extent of the magnetic field, see section 4C below, the 
method does not appear to be feasible, but if the plasma fills the major 
part of the magnetic field, it should be possible to use this method of 
locatlng the point of 10nization. 

If the total beam deflection from gun to detector would be very 
sensitive to changes in ~, the same deflection could perhaps be used 
to determine the change in £0 and hence the quantity si. However, 
this posslbility has not yet been investigated in detail. 

As with the primary beam method, there are certain requirements on 
the 10n energy. 

(i') Not only must the momentum of the prlmaries be sufficient for 
penetration lnto !, but that of the secondaries must also be sufficient 
to allow them to move to a place where they can be detected. If the 
charge is doubled in the ionization, this requires - for given mass and 
magnetic fleld to pass through - essentially four times as high energy as 
with the primaries alone. This addltional energy requirement is typical 
for the secondary beam method. The energy necessary can be significantly 
reduced if the detector can operate in a strong magnetic field (ref. 20). 
The above considerations will be substantiated in the example below (see 
sec. 4C). 

(li') Repulsive electrostatic potentials have the same kind of im
portance as in the prlmary beam method; it should be noted that the poten
tlal energy lS doubled for the secondary beam. On the other hand, an 
attractive potential will give the particles a momentum increase facili
tatlng their enterlng and leaving the magnetic field region. 

(111') There does not seem to be any requirement directly correspond
lng to (iii) ln section 3C, Slnce there is no need for a monotonic ficti
tious potential ln the secondary beam method. However, there may be some 
considerations connected with the actual determination of v that put 
requirements on the beam energy, notably if v is solved by lteration 
(compare sec. 5 below). 

C. The SUMMA Experiment 

The NASA Lewls SUMMA experiment (ref. 21) is a burnout device using 
a dlscharge in a magnetlc mirror field, with two hollow cathodes and two 
ring-shaped anodes. In the mldplane the conflguration is locally cylin
drlcally symmetrical. The magnetic field data (ref. 22) show that the 
same field changes its direction at a distance of 77.78 centimeters from 
the axis, and the flux function - normalized to this point - is shown in 
flgure 10. In the normalizatl0n procedure we assume that the magnetic 
field on the aX1S (In the midplane) is 40 kG - although values up to 
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49 kG are planned. 
The unit energy W, 

The particles are thal11um 10ns with mass number 205. 
then becomes 0.3949~105 eVe 

An electrostatic potent1al curve compatible with exper1mental data 
(ref. 23) is also shown in figure 10; It corresponds to a potential well 
of about 14 kV. It has the funct10nal dependence v = a sin bs/s + c 
which with the chosen values of a, b, c gives a potential and electric 
field that are continuous both on the axis, s = 0, and at the suggested 
plasma boundary, s = 0.0243 (r ; 1.89 em). 

We shall estimate a m1n1mUm energy necessary to probe this plasma. 

It 1S necessary that pr1mary particles with £0 = 0 can pass the 
maximum of the corresponding fictItious radial potential and that the sec
ondary particles generated by these primaries can reach the detector. 
The reason is that £0 = 0 1S necessary for particles pass1ng through 
s = 0, the innermost p01nt of the plasma. 

As to the suff1c1ency for the present energy estimate, one may take 
either of two attitudes: 

(a) £0 = 0 1S sufficient to cons1der. Indeed, all values of s in 
the plasma are reached by such a beam, and secondaries are generated for 
all these values of s. It even turns out that the energy requirement 
obta1ned by consider1ng £0 = 0 allows a prob1ng of essentially half the 
plasma 1n the present casec However, to keep the detector position even 
more at our disposal, we may prefer a more stringent attitude - (b) below. 

(b) to should be allowed to take a set of values such that the whole 
plasma is covered by primarY crbitso For the present purpose, we shall 
be satisfied with the increased coverage obtained with a set of beams that 
have radial turning points for all values between 0 and 8, on both sides 
of the aX1S. 

In the present case, the requirements set by the attitudes (a) and 
(b) do not d1ffer cons1derably 

In what now follows, we shall neglect the 1nfluence of the electro
statIC potential on the effectlve potential. Th1S is Justlfled by the 
result; the electrostatlc potentIal only has a marginal 1nfluence unneces
sary to consider in the present energy estImate. 

The fictit10us potential for a ~-fold ion1zed part1cle w1th 
then becomes 

2(T)2 2 W = \ S = A xes) 

o 

The funct10n xes) is dIsplayed In figure 11. The maximum value is 1.8123 
and occurs at s = 0.565 (r = 43.9 em). Thus, the min1mum energy wo 
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necessary for a primary particle to reach the center is Xmax = 1.8123, 
wh1ch with the value of W' given above corresponds to 71.6 keV. Using 
unnormalized variables, the necessary energy of particles w1th zero 
angular momentum is obtained from formula (3) in section 2A as 

W = L . max(!)2 
o 8 2 r mn 

With singly charged ions th1S energy, expressed in electronvolts, be
comes 

(14) 

For primary energies 1n an lnterval above this lower limit, the second
aries would be trapped inside the magnet1c field e Thus, a higher primary 
beam energy may be necessary. 

Secondar1es with 6~0 ~ ,(Sl) = 0 are produced at sl = O. These 
part1cles then have ~oII = 0, and the potential wII = 4x{s). The energy 
necessary to brlng these part1cles out will thus be 4~ax' corresponding 
to about 287 keV, Wh1Ch must be furnished by the primary beam (since the 
influence of v was neglected)o For other secondaries than those with 
si = 0, there is a small positlve increment !(si) to to< It will be 
shown below that the magnltude of the fictitious potential maximum will 
be smaller for these particles. Thus, the m1nimum necessary primary ion 
energy is 287 keV if both the gun and the detector are located outside 
the magnet1c field, and attitude (a) above is adopted. 

This requirement may be relaxed if the detector is located inside B. 
Clearly, it would have to be moved inside s = 0.565, the location of 
Xmax' If prlmary partlcles Wl. th woI = L 8123 are considered, the maxi
mum radius St of secondaries with ~oII = 0 is obtained from the equa
tion 4x(st) = 1.8123, WhlCh glves St = 0,1853 (r = 14.4 cm). 

We conclude that any lowering of the necessary energy requires that 
the detector be moved inslde s = 0.565 (r ~ 44 em), where B - 13 kG. 
With unchanged position of the gun, the minimum energy is gradually 
lowered from 287 to 71 0 6 keV if the detector 1S moved as far as s = 0.1853 
(r ~ 14 cm) where B ~ 37 kG, accordlng to the fotmula Wo = W, • 4 • xeS) 
(where S is the detector posltion), Moving the detector inside 14 centi
meters does not lead to any decrease in necessary primary energy, unless 
the gun is also moved ins1de 44 centimeters, or some entirely different 
arrangement 1S used, like an electric field guidlng the beam through B 
(ref. 24). 

To see how a requlrement on increased coverage of the plasma influ
ences the min1mum beam energy of primaries, we shall now construct, for 
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an ar1btrary f1xed value of Wo 1n an interval of admissible values, 
an 1nterval of £0 sufficient to give turning points between 0 and 0, 
on both sides of the axis. Then, a minimum value of Wo among the ad
miss1ble ones will be determined, ~hat is sufficient for probing with all 
the corresponding 100 Let sl be a number >0 and let the admissible 
values of Wo be given by 

< w 
- 0 

The reason for this choice will become apparent later. 

(15) 

The cond1tion for rad1al reflect10n, W(St) = wo ' can be solved for 
£0. One obta1ns 10 = ,CSt) ~ St~. For a given wo ' this defines two 

functions of St, namely, T(St) + St~ and T(St) - St~. The first 

of these 1S monotone increasing wIth St, since T' > 0 for St£[O,o]; 
and the second is monotone decreasing, provided that 
Wo ~ max [T'(St)]2 = [1'(0)]2; i.e., if Wo is admissible. Thus, 

o ,:,St.:.o 
the 1nterva1 for £0 bounded by the two functions of St above expands 
on both sides, when St is increased, and its maximum extent is reached 
for St = o. Consequently, the turn1ng points of the orbits with £0 in 
the interval 

,(o)-oIW <1 2.'I(o)+oIW 
o - 0 0 

form a curve across the plasma, through the axis. This 1S the pert1nent 
interval for £0. 

Differentiating W = (£0 - ~}2/s2 with respect to s, one gets 

W' - ~ (10 - T)(10 - T + sr') 
s 

The der1vat1ve 1S zero for £0 - r = 0, but any such solut10n of ~'= 0 
must correspond to a m1nimum of W, since the nonnegative function ~ is 
then equal to zero. A necessary condition for maximum at a point sl 
1nside or outside the plasma is then 

£ .(sl) + sl,'(sl) 0 (16) 0 

The second derivative is 

~" 
2 - .,.)~" + r = - - (x. 2 0 s 

where r contains the factor to T + ST'. Putt1ng s = sl and using 
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equat~on (16) above, we obtain 

1jJ"(s) =~T'(S )::"(s) < 0 
1 sIll 

the inequality being a necessary condition for a maximum. The situation 
of interest to us is when T' (Sy _ 0 and T "(sl) .:::.- o. Indeed, from fig-

ure 10 ~t appears that T'(sl) <' 0 and T"(sl) ,0 would certainly re
qu~re s~ > 1 and ::(sl) 0.6 - T(O) ~ 0.0022. If l'(sl) < 0, equa
tion (16) gives to > 1(sl), and 

and thus, no admiss~b1e Wo would allow the particles to reach the 
po~nt o. 

conSiderl.n~ equat~on (16), the maximum potent~a1 may be written 
1jJmax = [T'(sl)]· Thus, it appears that an upper limit for the energy 
necessary to reach all points in the magnetic field is set by max(T')2. 
The derivative of wmax with respect to to is 2:'(sl) . d/dto T'(sl). 
Different~ating (16) with respect to £0' one obtains 

1 + s1 d~ ::'(sl) = 0 
0 

Hence, 

d T' (s ) 1 0 F - - ~ 
1 sl 0 

and 

dw 
_2.T'(S) max 

0 dQ 
c 

0 s1 1 

s~nce T'(sl) must be positlve. We conclude that the maximum maximorum 
of W for varlOUS sand varl0US values of to in its interval is 
given with to at ~ts minimum value T(O) - oJwo • The minimum possible 
Wo can then be obtained from 

T(s1) - reo) + 6~ 
,;;- = ---------

o 
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~(sl) - ,(6) rw - . r:;:-- - -----=-- = .,-' (s ) o - "'Jlllmax - sl - 6 . 1 (17) 

This energy is admissible since it turns out that sl' 26, 1mplying 
sl - ~ 6. Equation (17) above has an immediate geometric interpreta
t1on: The tangent to the ,(s)-curve at the p01nt sl passes through 
the point 6, and the square of the directlon coefflclent of this line, 
shown in figure 10, gives the minimum energy woo 

The equation (17) was solved for sl' and [T'(sl)]2 
It was found that wo must at least be equal to 1.97, Wo 
for att1tude b, which is about 9 percent higher than the 
value of 71.6 keV previously found 

was determined. 
= 77.8 keV, 
attitude a 

No detailed analys1s of secondarles in att1tude b has been per
formed. 

It must be emphasized that the above estimates are only those neces
sary for the part1c1e to move into and out of the magnetic field; 1n a 
practical s1tuation other cons1derations must also be considered, some of 
wh1ch are discussed in section 5. 

It should also be emphasized that even if the electrostatic potential 
of 14 kV is smaller or even much smaller than the particle energies of 
75 to 350 keV necessary to get particles sufficiently rig1d in B, and 
hence could be neglected 1n the energy estimate above, this does-not imme
diately mean that electrostat1c forces can be neglected compared with mag
netic forces in the plasma reg10n. The reason is that the electrostatic 
forces act over a much smaller scale length, by a factor of the order of 
10-2• Indeed, the magnet1c force on a 75 keV Tl-ion in a B-field of 
40 kG corresponds to a Iv , BI of 8.4 kV/cm, and that of a 350 keV ion to 
18 kV/cmo These figures are of the same order as the electric field in 
the plasma; the assumed funct10n v(s) corresponds to an average electric 
f1eld of 7.4 kV/cm and a maximum field of 12 kV/cm. Even 1f the beam 
energy is 1ncreased to 1 MeV, the value of Iv ' BI is only about 31 kV/cm. 

In the secondary beam method lt 18 usually assumed that the electric 
fleld is a small perturbation that 1S neglected when the orbits and points 
of ion1zatlon are determined. In this way, they can be determined without 
knowledge of the potential. The potential is then determined for each 
10nizat10n p01nt by the observed change 1n total energy. 

Our conclusion is that the electrostatic force cannot be consldered 
as a small perturbation, without anythlng further. One should distinguish 
between two different smallness parameters, 

rat10 between electric and magnetic force, and 
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eV max 
E"2 = W 

rat~o between max~mum potent4al and beam energy. Clearly, in the case 
of the SUMMA experiment £1 < 1 and £2 <, 1. It will be shown in sec
tion 5 that the pertinent smallness quantity IS E"lc 

S~nce it ~s desirable to have a low ratio E"l = E/vB, this can be 
achieved by varying the mass number of the probing ions. Indeed, apart 
from any other considerations there exists, for each energy within cer
tain limits, an optimum mass number that corresponds to particles with 
suff~c~ent rlgld~ty and h~ghest possible velocity. Using a rough esti-

mate one f~nds £1 = i ~, so for given fields E and B and beam 

energy W, a small mass ~s favorable. However, the gyro radius must at 
least be equal to half the magnetic field radius, say. We then have 

12mW , RB 
qB - 2 

which defines a lower lim~t for m. Clearly, for this li~t the mass 
number M« l/W, and £1 = qERB/4W. Thus, we then have £1« l/W, in 
contrast to the l//W-variation obtained with constant mass. Using the 
figures above, we assume that we have a possible probing with M = 205; 
W = 350 keV; vB = 18 kV/cm; E = 10 kV/cm; this gIves £1 = 0.56. Rais
Ing the energy to 1.84 MeV and still using thallium ions, £1 becomes 
0.24. However, If the mass number is reduced by approximately the 
energy ratio and potassium (M = 39) is used instead, we get £1 = 0.11, 
whIch is an 1mprovemento 

The interval for £01 for a 355 keV prImary beam (wo 
-0.0707 ~ ~oI ~ 0.0758. Using the formulas 

9) becomes 

and the values woI = 9; a 
Kl, the gun direction: 

4; T(a) = 0.44, one obtains for the angle 

_2.440 ~ K < -1.740 

- 1-

Without any lenses or similar arrangement, the interval for sweeping the 
entire plasma becomes 0.60

, which IS about the same as the geometrical 
angle of 0.7 0 occupIed by the plasma. In the same way, the angle K2 
at the detector is obtained as 

iOI + 'T (sl) - 2 r (S) 

S~ 
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To see whether measurements of this angle can be used for determining 
,(S1) and thereby si' the equation 1S var1ed, whereby 6toI = 0 (no 
consideration of deflections). One obtains 

For a 
found 
netic 
gives 

61<: = 180 
2 7T 

6,(S ) 
1 

38 

reasonable spat1al resolution, 6,(si) = 1/10 ,(6) = 0.00022. It is 
that 8 = 4, corresponding to a detector location outside the mag
field, gives 6K 2 = 10-30 , and B = 0.2 (detection in a strong ~) 

6K2 = 0.020
• 

Consequently, th1s method of determ1ning the point of ionization does 
not seem feasible in the SUMMA. A corresponding estimate for the Modified 
Penning Discharge tells that the exit angle would have to be measured with 
an accuracy of about 0.10 ; it would have been less stringent if the repul
S1ve electrostatic potential in this latter experiment had not necessi
tated a much higher beam energy than that needed for penetration through 
the magnetic field. 

5. SECONDARY BEAM METHOD; DETERMINATION OF V 

In the present section we shall discuss how the unknown potential 
can be determined from secondary beam measurements. 

To fix the ideas, we shall start by considering the cylindrically 
symmetr1c case; the methods appear to be amenable to extension to the 
general case, and the phys1cal implications are expected to persist under 
more general conditions. 

A. Cylindr1cally Symmetric Case 

The total change 1n polar angle from the primary beam at the gun 
(s = a) to the secondary beam detec tor (s = 8) is given by 

for particles ionized before reach1ng the point Stl of closest approach 
to the axis, and by 

for part1cles ion1zed on the1r way out, Here, 
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IS. 
12 2 

Str: 
u~II 

ds 
sv'woll - l/III 

13 
fa U<j>II 

ds 
sv'WoII - WII 

~ 

IS 14 = 2 I 
ucj)I 

ds 
sv'w - WI 01 

StI 

The Ia and Ib are functions of the point of ~onizat~on si and 
the constants of motion ~oI and woI of the pr~mary beam, and func
tiona1s of the potential v(s). Each of them has the form 

K[s,s. ,Ji. I'w I;v(s)]ds 
~ 0 0 

where y = max(a,S) as before. 

With the gun and detector at fixed pos~tions, corresponding to a 
difference in polar angle of magnitude C, the quantities woI and ~oI 
are varied in a suitable way (by varying the Ion energy and angle of 
injection), so that all values of si between ° and the plasma boundary 
o are covered. For each (£01' woI) the potential at the point (or 
points) of ionization is measured as the change in total energy 
woII - woI; clearly, this change becomes a (not necessarily one-valued) 
function of (~oI,woI). We thus have the nonlinear equations 

=Oo} 
v(s.) - g(t I'w I) = 

~ 0 0 

(18) 

(19) 

Th~s system of equations should be solved for the function v for all 
values of its argument between ° and <5. 

The method should be determined in each case. 
tion would be to use possible foreknowledge of v 

One natural sugges-
to make a model assump-
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tion with a certain number of parameters, like Kambic made for the pri
mary beam method (ref. 7), another would be to expand v in a suitable 
set of functions. In either case, the parameters or expansion coeffi
c~ents are determined so as to minimize a sum of squares of left-hand 
members of the type above. 

At present, however, we shall only tentatively d~scuss a technique 
that has been used by Jobes and Hickok (ref. 13); their technique - like 
our suggested improvement of it - is by no means li~ted to cylindrical 
symmetry but works equally well in arbitrary geometries. 

Jobes and Hickok use a high beam energy, which makes it reasonable 
to attempt to treat the electric field as a small perturbation. This 
allows them to find the particle orbits and po~nts of ionization ri 
without knowledge of the potential. The latter is then found from the 
change in total energy. 

In our formalism for the cylindrically symmetr~c case, this would 
correspond to solving the equations 

I(S.,~ I'w 1;0) - c = 

0] 
(20) 

~ 0 0 

v(s.) - g(£ I'w I) = (21) 
~ 0 0 

Here, s~ is determined from equation (20) and the correspond~ng value 
of v trom equation (21). 

Questions of immediate ~nterest concern the quality and range of 
applicability of the Jobes-Hickok appro~mation (JH-approximation), the 
requ~rements on beam energy and momentum, 1n relation to the electric 
and magnet~c f1elds. It seems especially important to determine in what 
sense the electric field should be small. In situations when the method 
needs refinements, it is natural to try to improve it by iteration. 

B. Iteration Scheme 

Both equations (18) and (19) above contain v. If the dependence of 
I on v were reasonably strong, we would have a situation similar to 
the primary beam method; the change I 1n polar angle would furnish in
format10n on the function v. However, we shall be interested in trying 
to adopt the Jobes-H1ckok attitude in the form that equation (18) essen
t~ally determines si (and eq. (19) determines v). We then wish that I 
depends strongly on si, which would tend to allow a good determination 
of si' and that I depends weakly on v, in order that the determina
tion of si 1S 1nsensitive to our assumption what v is. It seems that 
the ratio between the variation of I with v and its partial deriva
tive with respect to si is pertinent. To get the correct physical di-
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mension for the var1ation of the potential, it seems that some gradient 
of v would enter into our performance quantity. This will be more 
clear in the formal formulation below. 

In the iteration both si and v are 1terated, but toI and woI 
are not; instead, they are controlled by the conditions at the gun. As 
the scheme for iterat10n, the following is hereby suggested: 

I(s. ,x I'w I;v 1) - C = 0 (22) 1,n 0 0 n-

v (0) ;:, v (s. ); s. £[0,1;1; 11_0 n n 1,n 1,n (24) 

(n = 1,2,3, ... ) 

Thus, starting with a function 
from vn-l by the procedure: 

v the nth iterate 
0' 

is obtained 

(a) Insert v = vn-l in equation (18) and solve for si; th1s 
gives the iterate si n (according to eq. (22». , 

(b) The value of vn at the pertinent 
tion 19 (eq. 23). 

si n is obtained from equa-, 

(c) The steps (a) and (b) are repeated to g1ve the potential at all 
points of 1nterest. - Th1S glves the full function vn(s), the next iterate 
(eq. (24». 

C. Condition for Local Convergence 

In what now follows, we shall specify a way of varying woI and 
toI; we shall assume that the energy woI is kept constant, and only 
toI is varied (by vary1ng the direction of the injected beam). To be 
specific, we shall use Ib , and the constant value of woI will be 
omitted in the symbols for Ib and go 

Our nonl1near system of equations then becomes 

(25) 

(26) 

The iteration is understood as a transformation vn = TVn_l' where 
T: v + u = Tv is defined by the equations 
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(28) 

It is of interest to 1nvestigate the condit1on for this mapp1ng to 
be a contraction mapping (ref. 21 ), in which case the 1teration will 
converge to a unique limit, the true potential v* (if a certain closed
ness condition is fulfilled). Our discussion will be "local" in the 
sense of some suitable norm I I· I I on a Banach space of suitably defined 
functions v on [O,~]o T is then a contraction mapp1ng 1f 

Iioull ~a' Ilovll; o . a < 1 (29) 

and the error 1n the iteration can fer instance be estimated by 

n 
I I v - v * I I < _a__ I I VI - Vo I I n - I - a (30) 

* where v is the true potential (ref. 21). Local convergence means that 
there is a ball around v* with an (unknown) radius p, such that con
vergence prevails within that ball. We shall not define any norm sharply, 
but keep a qualitative element, nor·shall we investigate any other prop
erty of T than the inequality (eq. (29» above; it 1S believed that the 
essential physical information can be ob 7ained in this way. 

The Frechet differential (ref. 22), supposed to eX1st, of the func
tional lb in equation (27) must van1sh, and so must the variation of 
the left-hand member in equation (28), This gives 

u'(s.)os. + 6u(s ) - g' . oXol :' 0 111 

where we have omitted ~ol 1n the arguments, and 

} 
(32) 

(31) 

The differential oXol is then solved from (37) and inserted into equa
tion (31), which g1ves 

u'(s.)6s. + ou(s ) 
1 1 1 

g' + 6Ib (si; v) = 0 (33) 
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In a practical measu~ement, the function g' (£01) is determined em
pirically. In the present analysis, it can be determined from the system of 
equat10ns (25) and (26), if we Insert the true values v* and s~ of v 
and si' respectively. We then take the variation of this system, remem
bering that ov* = 0, since we are only dealing with the true potential, 
when the empir1cal output function g' is to be determined. One obtains 
after elim1nation of 09 01 in the same way as above, 

1 gr = -
v*'(s~) 

1 

Insertion into equation (33) yields 

a~ 
-,,- (s.; v)os. + olb (s ; v) os. 1 1 1 

1 

- [utes )os. + ou(s.)] • 1 1 1 

a~ * * 
~ (s.; v ) 
0.1<.01 1 

* v*' (s.) 
1 

This equation gives a general relation among OV (through olb ) , ou, 
and oSio In particular, we want to compare cu and ov with the same 
si; thus we put oSi = O. This does not seem necessary, but practical. 
Solving for CU(SI)' we then obtain 

a~ * v*) 
orb (Sl; v) ~ (si; 

* 01 au v*' (8 ) 0 

1 a~ * v *) 
a~ 

-3- (s.; ax (s ; v) s. 1 
01 

1 
1 

* Since we assume that (si; v) is In an infinItesimal ne1ghborhood of 
(Sl; v*), the last factor in the rIght-hand member is equal to unity, 
plus a small quantity that only contributes to the higher-order varia
tions, Wh1ch are neglectedo Thus, It can be replaced by unity, and we 
obtain - finally: 

ou (34) 
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Clearly, this expression for OU has all the qualitat~ve properties dis
cussed above. 

The endpoint contributions to the derivative alb/asi cancel, due 
to the continuity conditions at si' and one obtains 

:~ .113 

s. 
~ 

.Jds 
Vtr -;) 

Carrying out the different~ation, one obtains 

I~ 
2T'(S.) _ 2U4UT' (SilJ 

d\ ~ 
(woll - Vt )- v' (s. ) 

s II u<j>Il ~ s ds --= 
_ 1); )3/2 as. 2s(woll ~ 

II 
~ 

· I~ (w - 2v) • 2 ... ' (si) - u<j>Usv ' (si) oU ds 2 3/2 
s (woll - Vt u ) 

~ 

(35) 

(36) 

For si bounded away from StI and StIr, the var~ations of I 
and r3 can easily be calculated by changing the order of the operations 
of variat~on and integration and fo~ng the partial derivative of the 
integrands with respect to v. One obtains 

if the true 

0I
3 I~ 

~ 

~ fa 

u<l>r
Ov 10 

-2S-(-W-
o 

-I --=--1);-r )-':3'--;-/-=-2 ds ::: 
s. 
~ 

potential is equal to zero for s yo. Furthermore, 

u~Ir[20v - ov(si)] 
ds 3/2 2s (woll - Vt U ) 

u~uov 
ds - ov(s.) • 18 

U<j>Il 
3/2 1- 3/2 

s(woU - Vt u ) 2s (w oU - Vt u ) 
~ 

(37) 

ds 

(38) 
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When si tends to StI, the point StII will also tend to StI' 
and OIl and 013 will become infinite, due to the singularity in the 
integrand. Th1S will be discussed later on. 

Forming 014 is more complicated, due to the inevitable singularity 
at the lower limit of integration. We know t~at ~I is monotonic in a 
ne1ghborhood of StI, and we tentatively assume that ~I is monotonic on 
(0,8J. This is fu1f111ed for the SUMMA numerical problem in section 6, 
and no effort has been made to relax this assumption. We may then write 
14 as 

by a partial integration. Denoting the first term in the right-hand 
member by T and the second by J, one obtains 

14 = T + J 

One f1nds 

.1 
1 

[ 

2u· ovj 
+ 2/w I - 1/1 1 cpI 2 

o s(~~:> s. 
1 

To form 8 J, one can proceed in a fa1rly straightforward manner, 
noticing that if 

we have 

(39) 

(40) 
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d
2 

~ + -2- F1j!II ds 
ds 

This formula can for instance be derived, using Taylor's theorem and re
peated partial integrations (compare ref. ~ 23 ) • 

To control the singularity·at St1, we exclude the limit with an 
E-interval, obtaining oJ E • Then, oj is obtained as oj = lim oJE • 

E+O 

The Euler expression in the integrand of equation (41) becomes 

wh~ch is the same as that obtained by straightforward partial differen
tiation of the integrand in 14. The endpoint variation becomes 

where (.) denotes a number of terms such that the expression becomes zero 
for E = O. 

Consequently, 

__ u....!..~ 1_o_v ----::-:;:::_ ds + ( 2u U
OV 

) 1 
s(wo1 

- '/'1)3/2 S,/,II.W ,I, 
0/ o/1

v 01 0/1 St1+E 

A change to 1j!1 as integration variable, followed by a partial integra
tion shows that all contributions that become singular for E ~ 0 cancel 
and one obtains, adding oT 
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[ 

2u· OV,] 
+ 2/w I - WI ~I 2 

o s(W~) s. 
l. 

1 d (2U~IO~ 
~=======-- ds Iw - W ds SW~ 

01 I 

(42) 

The derivatl.on is straightforward but not elegant. Maybe a simpler 
derivation can be obtained by using a representation of the integrals in 
Ib as derivat1ves with respect to the momenta,* for example, 

I
s. 

a 1 

~' -
01 

StI 

By insertion of the above expressions for alb/asi (eq. (36)); oIl 
(eq. (37)); 6I3 (eq. (38)); and 6I4 (eq. (42)) into the basic eXJ;lression 
for OU (eq. (34)), and mtroducing a norm (perhaps Ilov II = max lov I, or 
I lovl I = max lovl + a • maxlov' I), it is possible to determine under what 
conditl.ons the l.teration will converge to the true potential and particu
larly also when already the first iterate - the JH solution - is a good 
approxl.mation. This wl.ll be carried out below for the SUMMA experiment. 

D. Applicatl.on to SUMMA Experiment 

Using values corresponding to the SUMMA experiment, we shall roughly 
estl.mate the magnl.tude of the various contributions to oIb and alb/asi 
and obtain an approximate crl.terion for convergence. Fl.rst we shall 
assume si to be bounded away from StI (and StII), then we shall let 
si tend to StI. The same kl.nd of criterion is obtained in both cases. 

ov 10 
U~I ds 

oIl --
woI si svwOI - WI 

If the change in polar angle between si and 0 l.S tYPl.cally of the 
order of unity, we get 

* The possibility of such a representatl.on was pointed out to me by 
W. F. Ford. 
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where Kl is of the order of unity. Similarly, one obta1ns 

In the first term in 614 (eq. (4Z), the rat10 

1S estimated by unity, and 
written 

u~I = u~I 
/w - WI urI 01 

by 

I T I ~I ( U) W = -Zu -+-
I ~I s s 

For the SUMMA, the dom1nating term 1S 

The derivative 

+ v' 

can be 

whence the first term gives a contribution K3 6v/woI' By the same token, 
the second term gives K4 6v/woI' provided that s 6v' - 6v. The inte
gral becomes, roughly, 

Summing up, noticing d1fferences in s1gn, we obtain 

where K6 is essentially of the order of un1ty. 

Near the axis, the magnetic field is approximately homogeneous, so 
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T'(si) = 2T(si)/si. Furthermore, T(s)/s2 is proportional to the mag
netLc fLeld. Thus, if we disregard the variation Ln field strength be
tween s = 0 and s = sl' the point of maximum fictitious potential 
(sec. 4), we have 

But 

T (s ) 
L 

2 
s. 

L 

rw--
00 

where woo is the minimum energy necessary for the ions to get into and 
out of the magnetic fLeld. Thus, 

K74T'(si) K7 4 . 2T (s.) 4K7 2T(sl) L 1 - --
~s. ~s: IWoI sl sl 

o 1. o L 

4K
7rw--00 

sl/w01 

The second term Ln aIb/dsL becomes 

IB u~IIv' (si) 2v' (s ) [B ucpII 2KSv' (si) 
ds -

1 
ds -3/2 

s(woll - Wu ) wo1 s/wou - Wu 
wo1 

L 

The estimates above are 1nserted Ln equation (34), which gives 

ou:::v*'(s~) • 
L 

::: 
Kg ~ 

----....=:-.---~ oV (43) 
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where we have used the fact that v*'(s~) ~ v'(si)' 

The condition for convergence is, essentially, that the absolute 
value of the factor in front of av be smaller than unity. Since K9 
may well be greater than unity (one gets that impression when dealing 
with alb)' and/or KlO/v'(si) may be negative, it appears that the 
factor after KlO should be greater than a quantity of the order of 
unity. In other words, its 1nverse value should be smaller than a 
quant1ty of the order of unity. At least, th1s is necessary to insure 
rapid convergence. Thus, w1th 

£ = 1 sl v' (si) 

2/w • w I 
00 0 

(44) 
w 

we have 

Clearly, we have convergence for 

£ < K where K ~ 1 

Furthermore, since lim w = 00, au becomes asymptotically 0 . av, and 
woI-+oo 

the error est1mate InequalIty (30)then yields I~l - v*11 ~ 0 asymptoti
cally when woI + 00. Thus, the Jobes-H1ckok approximation vI (with 
Vo = 0) gives asymptot1cally the true potential v* in the lim1t of very 
h1gh beam energ1es (prov1ded that the distance between v* and 0 is not 
greater than the unknown radius of the ball of convergence). 

It 1S 1nteresting to study the smallness parameter £ for the elec
trIc field. Clearly, It is different from £2 mentioned in section 4, 
the ratIo between plasma potential and beam energy, in two respects. 
FIrst of all, the electric field should not be multiplied by its own 
scale length si' but by that of the magnetic field, sl' This gives much 
more stringent requirements for the SUMMA, since the ratio between the 
two scale lengths is about 50. Furthermore, this energy should not be 
compared w1th the beam energy, but with the geometric mean of that energy 
and the minimum energy necessary for p'enetration through the magnetic 
field. It also appears that the w~!72-dependence of £ can be improved 
to a w~i-dependence, if woo and woI are kept approximately alike, 

when woI is varied, i.e., if the mass number is varied with woI' as 
was d1scussed 1n section 4 in connect10n with £1 = E/vB, the ratio be
tween electric and magnet1c forces. Indeed, by normalizing the variables 
In £1 one finds 
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E 
s v' 1 

-=----=E 
vB 

2v'w w I 
00 0 

One can also express the condition for convergence in terms of the 
formal E/B velocity, since 

v(E/B) 
e = -'-v+.(b....:..e-a-<-m .. ) 

Summing up, we have found the following results: 

If the oth iterate Vo is (~n an unknown sense) sufficiently (not neces
sarily infinitesimally) close to the true potential v*, and 

(a) The electric force ~n the plasma is very much smaller than the 
magnetic force '(or, alternatively, if the beam velocity is very much 
higher than the E/B-veloc~ty) then the Jobes-Hlckok solution vI is a 
good approx~mat~on to v*, asymptotically correct in the limit of infinite 
beam energy. 

(b) The electr~c force is not very much smaller than the magnetic, 
only smaller (beam velocity smaller than, but comparable with E/B-velocity), 
the Jobes-Hickok solution vI is not a good approximation to v*, but an 
~teration, meaning that the orbits and points of ionization are succes
sively corrected for the electr~c field, converges to v*. 

More prec~se f~gures than those in the estimate above can easily be 
obtained when si + Stl' since both olb and alb/asi become singular, 
and we only need to deter~ne the respective coefficients in front of 
the singular parts. Th~s limit in general does not correspond to a fixed 
detector pos~tion, but ~t is bel~eved to be of interest to substantiate 
the discussion above and emphas~ze the role played by the smallness 
parameter e. 

By a partial integration in 011, we find 

S~milarly, by us~ng the continuity of 

01 = 3 

,,~s + .•• 
~ 

s i' one finds 
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Equation (24) immediately Y1elds 

+ . . . 

where the dots denote terms that remain finite when si + StI' Addition 
of the contributions above gives 

Since the dominating terms in wi and ~iI are -2u~I/S and 
-2u~II/s, respectively, their ratio will be approx1mately unity. Thus, 

= [2Ucj>I av 
S~' 

I 1 ~ -.;w----w-
01 Is. 

1 

The pert1nent term in alb/as i is 

+ 0 • • 

B u4>II t' (si) 

2s (wo II -

2UcpU:' (Si>j 

s. 
1. 

w ) 3/2 
II 

ds 

USIng Wlr as integration va~lable, partIal Integration, continu1.ty of 
veloc1ty, and wi ~ ~iI' one obta1.ns 

[ 

~ ' _ 2u4>I' , ) 

u4>I v s ~ 1 ----
s~' I /w - ,I, 

01 'VI s. 
1. 

+ . . . 

Insertion in au and letting S1 ~ StI gives 

eu 2 ------ev 
2';w

OI 
.,.' 

1 - ---.--sv' 
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au _2_av 
1 1 

Analysis of the inequality 

2 ---
1 1-e: 

e: 

< 1 

gives -1 < e: < 1/3, or essentially le:I < 1. Either of these is a condi
tion on the smallness parameter. And if le:I ~< 1, the JH-solution is a 
good approx1mation" 

Eo Comments 

There are a few precautions that one should observe, especially if 
the iteration is app11ed when there is a fin1te distance between Vo and 
v*. 

Multiple secondary orbits to the detector for one single primary 
orb1t may occur. This was found experimentally and explained theoretically 
by Kambic (ref. 7). However, this does not seem to be a problem; one only 
gets a little more information from one primary orbit. In any case it 
will show up in the solution of the nonlinear boundary-value problem with 
a free boundary (step (a) above) for determining si o The only difficulty 
would arise if different iterates for one and the same potential v* were 
associated with d1fferent number of solutions si for a given primary 
beam (woI, t oI). 

The proper way of varying koI and woI also needs attention. It 
should be noted, that 1f a set {(woI' loI)} is given, equations (18) and 
(19) will in general prov1de consistent information only if v is the 
true potential v* (and the measurements g are correctly performed). 
But if v is an 1terate vn-l, two or more pairs (loI' woI) correspond
Ing to the same si = s1 n may give different values of g (since in 
reall.ty they correspond to different si = s~ under v*). Thus, vn(si n) 
would not be uniquely deflned_ It seems natural in such a case to ' 
choose the arithmet1c mean, but lt may be better to make vn(s) a one
valued function by using an empirical procedure. In any case, the set 
f(woI' loI)} should be large enough to provide a coverage of the plasma, 
not only for v*, but also for the iterates. 

It should over again be emphasized, that our convergence analysis 
was local around v*; the finite differences entering in Banach's fixed
point theorem and similar theorems (ref. 21) were replaced by infini
tesimal var1atl0ns. This does not mean that the method only works in 
these cases; there will be a nonzero, finite (or infinitely large) radius 
of convergence and uniqueness, although its magnitude is unknown. 
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To make sure that a Solutl0n cbtained In a practical case does rep
resent the true solutIon, it IS suggested that the LIpschItz-constant a 
for T(eq, (29») is estimated, uSIng a local analysis. With this value 
of a or a somewhat larger value, and with any Vo chosen (e,g., the 
JH-choice Vo = 0), the quantity I ITvo - vol I is calculated. From this, 
the requIrement on the radius p IS obtaIned (from eq, (3.37) in 
ref. 21), and It is then checked that T is contractIve allover the 
ball {vi Ilv - vol I .s. p}, with a constant a not larger than the one 
obtained from the local analysis 0 If a larger a would be needed, it 
may be trIed; one would then require a larger p within WhICh T is 
contractive. 

These questIons, including the definitIon of a proper norm, seem 
worthwhIle InvestIgatIng, but numerical and/or experimental experience 
should be gained fIrst. 

Our diSCUSSIon has been purely determlnistic, and the variables 
contInuous. Needless to say, stochastic elements and discretization will 
Introduce new problems and possible modifIcations. 

6. PRELIMINARY NUMERICAL EXPERIMENT 

A first, tentative numerIcal experiment was performed with applica
tion to the SUMMA experIment, To illustrate the influence of the elec
tric field, to numerically produce output data g, to choose a SUItable 
value of the constant C givIng the detector azimuthal location, and to 
compare the Jobes-Hickok solution VI for this value of C with the 
true solution v*, the integrals Ia(SI;£Ol) and Ib(si; tOl) were cal
culated with a = S = 4 and wor = 9, which is Just a little more than 
wOO ~ 4 ' Xmax = 7.24. Two different potentials were used. One was 
Identically equal to zero. The ether potential - the true potential 
(sec. 4C) - and the functional form 

v = a sin bs + c' 
s ' 

o ~s!..-o.., 0.0243 

WIth a = -0.0015771918; b = 184.91399; c = -0.63355173, v and v' are 
continuous, and the well depth is -0.355 (correspondIng to -14 kV). See 
the SOlId curve in figure 10. The value of wor chosen is motivated by 
the fact that the quantity e2 = eVmax/wo discussed In section 4C is 
much smaller than unity, whIle €1 = E/vB is only marginally smaller 
than unity. Indeed, v' (mean) = 0.355/0.0243 ~ 15 and v' (max) - 24; 
51 = 0.56 (fig, 11); and IWOOwOI = 8,1, which gIves El = v'sl/2/wQQwQI 
equal to 0.52 (mean) or 0.83 (max), Based on the analysis in sectIon 5 
we expect that the electrIC fIeld should have a noticeable influence on 
the I-curves, that the JH-solution VI should be different from the true 
SolutIon v* but perhaps pOSSIble to Improve by iteration. 
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Twenty-one pos1tive and twenty-one negative, equidistant values of 
~Ol were chosen (distance 0.0032), with the corresponding primary beams 
covering the plasma. The value tOI = 0 was excluded due to the slngu
lar behav10r of the correspond1ng potential ~. The integrals la and 
lb were calculated for 27 equidistant values of si (distance 0.009). 
Only values of si greater than Stl (or Stll) were considered. 

The slngularities at 
by intervals of length E, 
be 

Stll in 12 and Stl in 14 were excluded 
and the endpoint contributions were taken to 

(
4U4>II ) 

1I1 = 
2 s.q)"' 

·IE 
II StH 

and 

·IE 

respectively. 

If E is too small the 1ntegrands 1n 12 and 14 become too 
large, 1f £ is too large the Taylor expanS10n underlying the expressions 
for ~12 and ~14 becomes inapplicable. Several values of £ were 
tried, and E could typically be varied wlthin one order of ~agnitude 
without slgnlficant change of the curves. The value £ = 10- was used 
for V t 0 and £ = 3xlO-5 for V = 0, but th1S d1fference is not im
portant. 

The result is represented ln f1gure l2(a) to (h). V 1 0 corresponds 
to (a) to (d), and V = 0 to (e) to (h). Positive angular momenta tOI 
are found in (a), (b), (e), (f), and negative in (c), (d), (g), (h). Ia 
18 shown in (a), (c), (e), (g) and lb in (b), (d), (f), (h). From the 
curves the following conclusions can be drawn: 

(1) The electric fleld has a profound influence on all sets of 
curves; the curves are changed completely 1n sp1te of the low plasma 
potent1al compared to the beam energy_ 

(ii) The values of Ia and Ib Jump by about 2~ between 
£0 = -0.0032 and +0.0032. This 1S due to the coordinate system; if the 
£01 < 0 curves are sh1fted vertically by 2~, the two sets fit well to
gether without lntersecting. 
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(i~i)Several la-curves wLth V f 0 are essentially horizontal; i.e., 
la is then essentially 1ndependent of si' Such curves are not suitable 
for determination of the potential, since no scanning and no spatial 
resolution is obtained. 

(iv) Apart from the horizontal la-curves in (a) and (c), all curves 
corresponding to a given ~Ol have only one ~ntersection with la = C 
or lb = C. Furthermore, inspection shows that la + lb for the same 
101' This means that there ~s never more than one secondary beam reach
ing an arbitrarily located detector, for a given primary beam. 

(v) In curves (b), (c), (f), (g) there is what appears to be an 
envelope or focal line ~ (or possibly a locus of singular points); the 
phenomenon looks like a wave motion w~th wave fronts reflected aga1nst 
the envelope, giv1ng effectively two sets of curves. Near ~ the 
curves depend only s11ghtly on QO; 31/a~01 ~ O. We thus have a kind 
of focus; particles sent In different directions appear (for given C 
in an interval) to be ionized at one and the same radius. 

(VI) When there is an envelope, one and the same value of si is 
obtained for more than one ~Ol near the envelope. 

(v1i) Apart from (VI), a g~ven si is assoc1ated with exactly one 
value of ~Ol' 

(vni) A ''hook'' at the beginning of the curves IS often found. This 
~s believed to correspond to the infinite derivative at Stl or Stll 
(sec. 5). Since the numerical problem is discretized, the hook does not 
always show up. 

(ix) It is unclear whether or not the two strange curves in (e) are 
due to numerical errors. 

In the present numer1cal experiment we can choose the detector loca
tion (the value of C) in the most favorable way. This 1S not the case 
~n practice. Unlike the prImary beam method, it IS not possible to per
form the experiment with only the magnet1c field, since no secondaries 
are generated without the plasma. (Maybe it would be possible to perform 
a supplementary, primary beam experiment to see 1f the electric field 
has an Important influence on the orbits.) 

To determine the JH-solution VI we choose 

C = -5.8500 ~ 0.43319 (modulo 2n) 

Curves (d) ~nd some of (b» provIde the output function g, and the 
JH-solution is obtained from (h) (and (e». Table I summarizes the eval
uations. For the given values of 101 , the true values s~ are obtained 
from the diagrams (with V 1 0) as the intersections between the respec
tIve I-curves and the straIght lIne I = C. The output function g(~OI)' 
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which is also the value of the true potential v* at s~ is then ob
ta~ned either from the analytic representation of v or from figure 10. 
The first iterates si,l are then obtained as the intersections between 
I = C and the I-curves corresponding to V = 0, and the values of v1 
at si 1 are also given by g(~OI)' The points obtained for v1 are 
marked'~n f~gure 10. Clearly, the agreement is poor, but there is at 
least some qualitative similarity. 

The calculations illustrate the necessity to consider the influ
ence of the electric field on the orbits. It would be interesting to 
interpolate a potential v1 and proceed with the iterations, to try a 
higher value of wOI' with or without a simultaneous change of mass, and 
to investigate the role played by the focal line and the equation 
a IIaR-OI = O. 

7. CONCLUDING REMARKS 

The primary beam method, based upon a study of the total angular 
deviat~on of charged part~cles and most readily used with cylindrical 
symmetry, was found to work satisfactorily in the numerical experiment 
with conditions taken from the Modified Penning Discharge laboratory ex
periment. The necessary beam energy in this case was not set by the mag
netic field, but by the repulsive e1ectrostat~c potential plus the neces
sity for a suffic~ently strong centr~fuga1 force for the unfolding proce
dure to be unique and effective, 

Among important things not treated here we w~sh to mention the beam 
optics, especially the possibility of defocusing when the change in polar 
angle is large - which occurs when the gradient of the fict~tious poten
tial is numerically sma1lc However, the calculations with two almost 
equal R. o-va1ues strongly ind~cate that away from such points defocusing 
need not be a problem. Needless to say, influence of random perturba
tions is of great interest for the practical use of the method, and con
s~deration of more general geometries is also worthwhile. The latter 
problem can probably be handled by ray-tracing techniques. The non1oca1 
character of the process of dev~ation of the particles was mentioned, 
leading to diff~cu1ties to obtain local information about the electric 
f1e1d by varying the constants of mot~on by small amounts. However, this 
is be1~eved to be a tractable problem. 

Advantages of the pr1mary beam method are the low energy necessary 
(the secondary beam method requ~res typically four t~mes as high energy), 
the high intensity of the detected particles, and the simplicity of de
tecting them - one only needs to determine where the beam comes out. 

On the other hand, the secondary beam method works readily in dif
ferent geometries, and may furnish information on other interesting 
plasma quantities as well, like density and temperature. Moreover, with 
the compact bu~lding style of big, modern plasma experiments, the limited 
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access may prohibit a determination of the deviations corresponding to a 
great number of energies. On the other hand, we saw from section 6 and 
figures 12 (a) to (h) that care may be necessary in locating the detector 
if an unknown electric field is to be determined, whose influence on the 
orbits cannot be neglected, it may be necessary to use a number of de
tectors at different fixed locations. 

Throughout the paper we have tried to comb1ne phys1cal 1nterpreta
t10ns with the mathematical development, notably in the use of normalized 
quantities, a technique that solves many problems 1n one by revealing the 
pertinent quant1ties determining the nature of the solution. For the 
secondary beam method, requirements on beam momentum are thus easily ob
tained by using the constants of motion. It is a general experience that 
this technique will fail to g1ve conditions that are both necessary and 
sufficient; the success in the present case is probably due to the fact 
that the problem was two dimensional rather than three dimensional. 

The nature of the Jobes-Hickok approximation (meaning that the elec
tric field is neglected when the orbits are determined) was 11Ium1nated, 
and it was found to be valid when the electr1c force in the plasma is 
much smaller than the magnet1c (E/B-velocity much smaller than beam ve
locity). In terms of energies, the electric field should be multiplied 
by the scale length of the magnet1c field rather than the electric, and 
the corresponding energy should not be compared with the beam energy but 
with the geometr1c mean of the same energy and the minimum possible beam 
energy. The latter fact opens the possibility that if one wants to 
m1n1m1Ze the influence of the electric field, one should use lower mass 
numbers when the energy is increased, and in any design this should be 
considered in relation to other, more technical requirements. 

If the pertinent smallness parameter 1S not negligible small, but 
smaller than a quantity of order unity, a true solution may still be 
obtained by iteration, by means of the procedure described 1n the paper. 
The conclusions were based upon a local analysis w1th variat10ns and 
contraction mappings. Even if the arguments presented should be strong 
and convincing enough, there is room for increased mathematical rigor, 
1ncluding a precise definition of the norm, consideration of nonlocal 
problems, and proper handl1ng of the generally mult1valued potential 
functions appearing in the iterations. 

A numerical experiment was performed with application to the SUMMA 
experiment; the condit10ns were marginal in that the smallness parameter 
was of the order of unity. The Jobes-Hickok approximation was shown to 
be unsatisfactory in this case, and the potential became multivalued. 
However, with a suitable empirical definition of a one-valued potential, 
the next iterate may well be closer to the assumed function. 
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TABLE 1. - SECONDARY BEAM METHOD; NUMERICAL EXPERIMENT 

[True points of ionization st, output data g, and 
first iterate (Jobes-Hickok solution) si l' for 
various values of primary beam canon1ca1'angu1ar 
momentum toI. Both the true potential v*(s!) 
and the first iterate v1(Si,1) are given by 
g(R.o1)· ] 

R.oI 
(multiples 
of 0.0032) 

-1 
-2 
-3 
-4 
-5 
-6 
-7 
-8 
-9 
+1 
+2 

0.0111 
.0128 
.0143 
.0160 
.0175 
.0192 
.0208 
.0231 
.0238 
.0069 
.0051 

-0.188 
-0.148 
-0.115 
-0.082 
-0.053 
-0.029 
-0.014 
-0.001 
-0.000 
-0.281 
-0.314 

0.0024 
.0029 
.0076 
.0076 
.0085 
.0098 
.0109 
.0127 
.0141 
.0053 
.0059 
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of norma 11 zed energy \~O for homogeneous B and to = 2 
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F1g 6 - Flux funct10n (s) = ~, for the NASA Lew1s Mod1f1ed Penn1ng 
D1scharge, normal1zed to gun POS1t1on 
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the flctltlOUS pot~ntlal for Slngly charged lons wlth 10 = 0, 
necessary to pass through the aX1S 



.60 

0 

"* 
>-

0 .55 
;\ 

...... 
0 

V) .50 
c 

'" 
"0 

'" "-
.", 

W .45 
....J 
(!J 
z: 
c:( 

"" c:( 
...J 
0 
"-
z: .40 

LW 
(!J 
Z 
c:( 
::c 
u 

.35 
0 .005 .0lD .015 .020 .J25 

a NORt1AUZED RADIUS FOR POINT OF IONIZATION, s; 

.60 

0 

it-

> 

0 
.55 

" ..... 
0 

II> .!50 c: 

'" .~ 

"0 

'" "-

...... -0 

W .45 
...J 
<.!l z: 
0:( 

"" c:( 
....J 
0 
"-
z: .40 ...... 
LW 
<.!l 
z: 
c:( 
::c 
u 

.35 ~-----~------

0 .005 .0lD .015 .020 .025 

b NORMALIZED RADIUS FOR POINT OF IONIZATION, s. 
1 

Fig 12 .. Tota 1 change in polar angle from ion gun to secondary ion 
detector; Ia corresponds to particles ionized before the 
point of closest approach, and Ib to particles ionized on 
their way out. 
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their way out. 
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